Deterministic numerical schemes have been widely used for the solution of the diffusive wave (DW) equation, however, these schemes are computationally costly and suffer instability issues. This paper presents a stochastic random walk particle tracking Comparison is drawn among the simulated results from three different shapes of the inflow hydrographs. The proposed stochastic method has two major advantages over traditional deterministic schemes: (a) greater efficiency, thus lesser computational costs, and (b) no instability issues.
| INTRODUCTION
Floods are high stages of the river in which the flow overwhelms the natural channel (Chow, 1959) . They are natural catastrophic events that have social and economic impacts. In the past, flood devastation has been limited to local and regional scales, but damages from recent flooding events have brought about the interest of researchers to study the flood dynamics on a global scale. Flooding impacts are most severe in densely populated urban areas. This led researchers to develop mathematical methods or techniques for predicting the flood inundations in such urban environments. Formulations of mathematical models are based on the combination of two conservation laws; either the law of conservation of mass and the law of conservation of momentum or the law of conservation of mass and the law of conservation of energy (Lax & Wendroff, 1960) . Based on these laws, wave equations have been derived for representing various wave models. The hydrodynamic wave model derived from the SaintVenant equations is used to represent flood wave propagation. The diffusive wave (DW) model is an approximation of full hydrodynamic wave model and has been widely used in many field applications (Ferrick, Bilmes, & Long, 1984; Moramarco, Pandolfo, & Singh, 2008; Ponce, 1990; Ponce & Simons, 1977; Tsai, 2003) .
Many modelling approaches are available in the literature to predict the inundation areas that are caused by floods, but these models are based on Eulerian formulation only. Different numerical methods are used to solve high-order non-linear complex mathematical equations describing the flood propagation. Many researchers used Eulerian formulation to obtain solutions of such equations (Fennema & Chaudhry, 1987; Kazezyılmaz-Alhan & Medina Jr, 2007; Moussa & Bocquillon, 2009) . Finite difference (Bates, Horritt, & Fewtrell, 2010; Haltas, Tayfur, & Elci, 2016; O'brien, Julien, & Fullerton, 1993) , finite volume (Ali, Kimura, & Shimizu, 2016; Bradford & Sanders, 2002; Liang et al., 2016) , and finite element (Cobby, Mason, Horritt, & Bates, 2003; Yu & Lane, 2006; Zhang, Feng, Maksimović, & Bates, 2016) schemes are well-known numerical schemes, among many others.
Solutions of Eulerian equations for flood modelling are not always reliable because they often display numerical instabilities or numerical oscillations and also produce artificial diffusions. Such problems lead to erroneous results of the wave models (Schubert, Sanders, Smith, & Wright, 2008) . Numerical instabilities in such schemes are also caused by the presence of dry areas with moving wet-dry fronts, wherein very high velocities generate negative values of water depths due to the simulation of small local depths of water (Horritt & Bates, 2002; Prestininzi, 2008) . Thus, these schemes involve a high potential of error for modelling of floods.
Stochastic schemes are different alternatives to deterministic schemes for the solution of mathematical models. Considerable progress has occurred in the last three decades in stochastic modelling techniques. The stochastic random walk particle tracking (RWPT) method has been and is being used by many researchers for the solution of the advection-dispersion equation in the field of groundwater hydrology (Banton, Delay, & Porel, 1997; Emmanuel & Berkowitz, 2007; Gjetvaj, 1997; Kinzelbach, 1988; Kinzelbach & Uffink, 1991; Salamon, Fernàndez-Garcia, & Gómez-Hernández, 2006; Uffink, 1986) . Although the literature on this method has been available for a long time, particularly a notable progress in the field has been made by Kinzelbach and Uffink (1991) . They suggested the RWPT method for solving the solute transport equation in groundwater domains. In this method, the total mass of solute is represented by a finite number of particles which move in the aquifer in two different types of motion; (a) the advective movement of particles due to the flow velocity and (b) the dispersive movement of particles due to the dispersion process. The same concept was used by Elfeki, Ewea, and Al-Amri 
| METHODOLOGY
The hydrodynamic wave model in 2-D is described by the continuity and momentum equations, represented by Equations (1), (2), and (3) for unsteady flow (Chow, 1959) .
where u, v = velocity of flow in x and y directions, respectively, h = depth of water, g = gravitational acceleration, z = bed elevation, S fx , S fy = friction slope in x and y directions, respectively (which can be evaluated by Manning's equation), and x, y = spatial coordinate in x and y direction, respectively.
The hydrodynamic wave model involves uncertainties of parameters due to its high non-linearity. In order to find alternatives for this complex nature of the hydrodynamic wave model, researchers used approximate versions of the full hydrodynamic wave model for their investigations (Leandro, Chen, & Schumann, 2014; Liu, Gebremeskel, De Smedt, Hoffmann, & Pfister, 2003; Moussa, 1996; Moussa & Bocquillon, 2009; Noor & Elfeki, 2017) . The DW model is an approximation of the full hydrodynamic wave model in which the inertial and local acceleration terms are ignored in the momentum equations.
It produces better results than its simplified version, kinematic wave model. The momentum equations in x and y directions for the DW model are given as follows:
By rearranging momentum equations of the DW model, the frictional slopes (S fx and S fy ) in x and y directions can be obtained, as expressed in Equations (6) and (7), which are dependent on the water surface gradients ∂h ∂x and ∂h ∂y and ground surface gradients ∂z ∂x and ∂z ∂y in x and y directions, respectively.
For obtaining the 2-D DW equation, first the continuity equation (Equation (1)) is considered and then velocities are expressed in Equation (8) and Equation (9), where velocities are functions of water elevation, h and the water surface gradient, ∂h ∂x and ∂h ∂y
Based on Equation (8) and Equation (9) and the application of a chain rule of differentiation on the second and third terms in Equation (1), the continuity equation is expressed in the form, given by:
Equation (10) is further simplified to the form, represented by Equation (11):
Equation (11) can be expressed in the form of 2-D advectiondiffusion equation, which is represented by Equation (12):
where D xx and D yy are diffusion coefficients in x and y directions, respectively
The diffusion coefficients are estimated by using Manning's equation for velocities in both directions and assuming the overland flood flow as the flow in a wide rectangular channel, where the hydraulic radius, R, equals the water depth, h. For instance, the diffusion coefficient in the x direction is given by Equation (13):
After some manipulation, the final expression for the diffusion coefficient in x direction, that is, D xx , is given by Equation (14). The expression for the diffusion coefficient in y direction, that is, D yy , can be obtained in the similar fashion, as represented by Equation (15):
Because the diffusion terms depend on the flow depth and the water surface and ground surface gradients which are space dependent, it is better to express Equation (12) in the form of Equation (16), as given by:
Equation (16) is analogous to the form of a 2-D advectiondiffusion equation for the solute transport in porous media, as represented by Equation (17), where the direction of flow is aligned with the principal components of the diffusion tensor (Bear, 2013) :
where C = solute concentration.
Many researchers solved advection-diffusion equation by the random walk theory (Abulaban, Nieber, & Misra, 1998; Kinzelbach, 1988; Kinzelbach & Uffink, 1991) . A similar approach is used in this study for solving the 2-D DW equation (i.e., Equation (16)).
| Analogy of the diffusion equation with the random walk theory
The RWPT method does not directly solve the transport equation (18)) are given by Tompson (1993) and Abulaban et al. (1998) :
where A = drift vector, B = displacement matrix, representing the dispersion tensor, f = particle density function, and colon (:) is used for representing the outer product for multiplying two tensors.
The expanded form of the Fokker-Planck equation with the diffusion terms is given by Equation (19):
where u′ and v′ are the drift velocities in x and y directions, respectively.
After expanding Equation (16) and rearranging the terms, the 2-D DW equation becomes
The analogy between Equations (19) and (20) shows that
The corresponding solution in the form of the RWPT equation is given by Equation (21):
where
T of a particle at time t, (22) and (23), respectively (Kinzelbach, 1986; Uffink, 1990) :
where X p = particle position in x direction, Y p = particle position in y direction, Z and Z ′ = random numbers with zero mean and unit vari- and u, v are overland flow velocities in x and y directions, respectively.
The derivatives of the diffusion coefficients in Equations (22) and (23) are evaluated using the finite difference scheme between two adjacent cells. These terms in the RWPT equations play a significant role to overcome the unrealistic accumulation of particles in stagnation zones.
Typically, Manning's formula is used for the velocity computations in x and y directions, which are given by Equations (24) and (25):
where R h = hydraulic radius, and S x = ∂z/∂x and S y = ∂z/∂y are ground surface slopes of cells in x and y directions, respectively.
McCuen (1989) simplified Manning's formula for velocity computations by assuming the values for R h and n. This forms a relationship between the velocity and bed slope. His empirical equations for overland flow velocities are shown in Equations (26) and (27): system, therefore, these values are converted to System International (SI) system in the above equations), Δx and Δy = cell dimensions in x and y directions, respectively, and Δz = (z 2 − z 1 ) is the difference in the bed elevations between two adjacent cells.
Three different duration scenarios are used for the computation of inundation depths. The inundation depths for a pulse with a very short duration (considered as an instantaneous duration case in this study) and for a pulse with an infinite duration are computed by using
Equations (28) and (29), respectively:
where V p = volume of water per particle, h(t) = inundation depth at time t, h(t − Δt) = inundation depth at time, t − Δt and n(t) = number of particles at time, t. Equation (29) represents a convolution over the time step, Δt.
In order to compute the inundation depths for a pulse with a finite duration (the finite duration corresponds to the time base of a flood hydrograph), Equations (29) and (30) are used:
When there is an inflow of a flood from the location of a dam (i.e., t ≤ τ), the inundation depth is calculated using the convolution formula (represented by Equation (29)). When the inflow of flood is stopped (i.e., t > τ), the deconvolution formula (represented by Equation (30)) is used for the computation of remaining inundation depths.
| Data used for the hypothetical city
In this study, a hypothetical city is represented by a domain of 2,000 m in x direction and 500 m in y direction ( Table 1 .
Two types of artificial digital elevation models (DEMs; Figure 4) are considered in this study in which the flood flow is driven from the left to the right direction, and the flow is prohibited from the top and bottom boundaries. The first DEM is generated with a uniform global slope (S 1 ), and the second DEM is generated with randomly variable local slopes but represented with an average global slope (S 2 ).
The buildings act as barriers to the particle movement, wherein the particles attain equal probabilities of 0.5 for moving in both directions (right and left of the building) while facing buildings.
| RESULTS
In this section, three cases are discussed; Case 1: a pulse of the flood with an instantaneous duration, Case 2: a pulse of the flood with an infinite duration, and Case 3: a pulse of the flood with a finite duration. In this paper, 18 different simulations based on the RWPT 
| Case 1: A pulse of flood with an instantaneous duration
A pulse with a very short duration (considered as an instantaneous duration, see Figure 3a ) is a flood wave from the reservoir that lasts for a very short time (τ = 1 min), occurring after the breach of a dam (see Figure 2) . The DW that has the duration of 1 min is considered as an instantaneous DW. The occurrence of an instantaneous duration pulse is not practically possible. However, the discussion of such a short duration wave is presented as a reference case for the comparisons. hypothetical city, apart from Figure 6 where it occurs in the reservoir at all temporal simulations. Because of the random changes in the local slopes, some of the slopes are negative. Hence, the flood starts filling the ditches or pits initially until it overwhelms these ditches or ponds, thereby causing an increase in inundation depths.
In Figure 5 , the DW surrounds the buildings at t = 220 min for the first two types of building configurations (single block of buildings and detached buildings) and at t = 100 min for the other type of building configurations (random buildings), where particles have a probability of 0.5 for drifts in opposite directions parallel to the fronts of buildings In Figure 6 , the pattern of DW propagation is different from the pattern discussed in the last paragraph. For instance, the DW does not surround the buildings at t = 220 min in the domains of single block of buildings and detached buildings but surrounds them at t = 420 min. Results for the domain of random buildings are similar to the previous case where the flood surrounds the buildings at t = 100 min.
FIGURE 6
Simulation of a pulse with an instantaneous duration of the diffusive wave for time periods of (i) t = 10 min, (ii) t = 100 min, (iii) t = 220 min, and (iv) t = 420 min in a hypothetical city, consisting of (a) single block of buildings, (b) detached buildings, and (c) random buildings (digital elevation model: randomly variable local slopes)
FIGURE 7 Simulation of a pulse with an infinite duration of the diffusive wave for time periods of (i) t = 10 min, (ii) t = 100 min, (iii) t = 220 min, and (iv) t = 420 min in a hypothetical city, consisting of (a) single block of buildings, (b) detached buildings, and (c) random buildings (digital elevation model: uniform global slope)
The general order of depths in all types of building configurations from large values to small values is random buildings, a single block of buildings, and detached buildings (see Table 2 ). In some scenarios, depths are larger for the domain of single block of buildings than the domain of random buildings (e.g., at t = 420 min and t = 840 min) due to the fact that the flood inundation depths for the former type of domain are accumulated just in front of the single block of buildings, which has a large frontal area. Maximum depths in Table 2 reflect the existence of many random buildings and a large frontal area in the case of a single block of buildings, which offers more resistance to the flow as compared with three detached buildings.
| Case 2: A pulse of flood with an infinite duration
An infinite duration pulse (see Figure 3b) implies that the flood keeps coming from the reservoir at dam breach towards the downstream FIGURE 8 Simulation of a pulse with an infinite duration of the diffusive wave for time periods of (i) t = 10 min, (ii) t = 100 min, (iii) t = 220 min, and (iv) t = 420 min in a hypothetical city, consisting of (a) single block of buildings, (b) detached buildings, and (c) random buildings (digital elevation model: randomly variable local slopes)
FIGURE 9 Simulation of a pulse with a finite duration of the diffusive wave for time periods of (i) t = 10 min, (ii) t = 100 min, (iii) t = 220 min, and (iv) t = 420 min in a hypothetical city, consisting of (a) The maximum depth is represented by a red colour contour which is initially visible in the reservoir. As time passes, the value of the depth away from the reservoir starts to and keeps rising due to the accumulation of pulses at every time step for an infinite duration. When the flood flow faces the buildings, it starts moving around them by the diffusion process. In the case of a DEM with a uniform global slope (Figure 7 ),
RWPT simulation results show that the DW keeps propagating and surrounds the buildings at t = 220 min for the single block of buildings and detached buildings and at t = 100 min for the random buildings.
FIGURE 10
Simulation of a pulse with a finite duration of the diffusive wave for time periods of (i) t = 10 min, (ii) t = 100 min, (iii) t = 220 min, and (iv) t = 420 min in a hypothetical city, consisting of (a) single block of buildings, (b) detached buildings, and (c) random buildings (digital elevation model: randomly variable local slopes) After surrounding the buildings, the particles change their tracks and start moving around buildings. Buildings offer barriers to the propagation of the particles. Particles accumulate in front of the buildings, thereby causing inundation depths to increase, which is the expected behaviour in the real world situations. In the case of a DEM with randomly variable local slopes (Figure 8 ), the diffusion of the wave starts slowly in contrast to the former case where the diffusion is rapid. The pattern of diffusion is also different, and the locations of maximum depths are random. Simulated results show that maximum depths do not occur continuously. This means that pulses accumulate continuously due to the continuous feeding of the flood from the dam. The difference in the pattern of the DW is due to the random changes in local slopes of the DEM.
| Case 3: A pulse of flood with a finite duration
A finite duration of the pulse (see Figure 3c ) represents a typical flood in nature. For this case, the flood starts to propagate from the location of the dam breach for a certain duration, where it is treated as a continuous pulse. When the pulse stops propagating from the reservoir after the duration τ, the flood volume that has entered the hypothetical city is propagated in the downstream direction.
At t = 10 min, contours of depths are initially distributed over a small area and at t = 20 min, again starting from the same location, the DW is propagated a little further covering more areas. This happens because the DW has a duration of 20 min, and new depths must be added to previous depths (convolution), and the pulse is propagating from the reservoir location. Here, the DW has the same propagation pattern as it has in the case of an infinite duration of a pulse. But once the feeding of the DW is stopped after 20 min, the algorithm is programmed to deconvolute the depths after 20 min. This case is represented in Figures 9 and 10 .
In the case of a DEM with a uniform global slope, the DW starts suffer from numerical diffusion and is therefore numerically stable. It only suffers from noises on the edges of the water zones which can be avoided by having a sufficient number of particles. In order to avoid overshoot, the time step should be chosen small enough to avoid such a problem (Kinzelbach & Uffink, 1991) .
The RWPT method in the current study is different from the smoothed particle hydrodynamics (SPH) method, which was introduced by Gingold and Monaghan (1977) . In the SPH method, the variable under study is represented by particles, where each particle has a spatial distance known as the, "smoothing length." The variable under study is smoothed by a kernel function over the smoothing length. The physical quantity of any particle can be obtained by summing the relevant properties of all the particles which lie within the range of the kernel. However, the RWPT method is a stochastic process that is used to simulate Lévy flight and diffusion models such as a Brownian motion. Similar to the SPH method, the variable under study is represented by particles, but these particles have neither kernel function nor size (smoothing length). Particles have to move according to some rules and change their position in time.
One of the main limitations of the RWPT method is the random fluctuations of computed volumes from the number of particles.
According to Kinzelbach (1988) , these random fluctuations have an inverse relationship with the square root of the particle count. Therefore, increasing the number of particles can improve the accuracy of the results obtained. This section presents a detail statistical analysis of this limitation.
A sensitivity analysis was performed for selecting the appropriate number of particles to represent the given volume of a hydrograph, where 1,000, 2,500, 5,000, 7,500, 10,000, 25,000, 50,000, and 100,000 particles were chosen for the analysis. Flow hydrographs were computed for comparison at three locations, as shown in Table 2 ) show that simulations for an instantaneous duration and an infinite duration produce underestimated and overestimated inundation depths, respectively, and the case of a finite duration pulse produces reasonable results for flood inundation depths. The finite duration case is the correct boundary condition for the flood simulations. However, the comparison is essential to establish a fact that Elfeki et al. (2011) used a wrong boundary condition for the RWPT based simulation. Therefore, this study presents an improved RWPT algorithm with the emphasis on using correct boundary conditions.
| CONCLUSIONS
This paper proposes an alternate way for modelling flash floods.
The DW is modelled stochastically as an equation solved by the explicit random walk method. The proposed stochastic method has two major advantages over the traditional deterministic numerical schemes:
1. Lesser computational costs, and
No instability issues because of its efficiency.
A comparison is drawn among three cases in this study: 
